An analytical model of an axisymmetric eddy current probe with a cylindrical ferrite core above a layered conductive half-space is developed. Initially we consider the magnetic vector potential of a circular filament coaxial with a ferrite core over a layered conducting half-space. The principle of superposition is then used to derive close-form expressions for both the electromagnetic field and the impedance of a coil from the filament field. Rather than locating the probe in infinite space, it is confined coaxially within a circularly cylindrical boundary on which the vector potential field is zero. The radius of this artificial boundary is large in order to ensure that does not interfere substantially with the field near the probe. By using a truncated region in this way, the vector potential in the probe region can be expanded as a series rather than an integral form. Thus the solution of the problem amounts to finding the expansion coeefficients in the series. Published by the American Institute of Physics.
INTRODUCTION
Eddy current testing is widely applied for the detection of surface cracks and subsurface flaws in conducting materials. Besides, eddy current probes have been used to determine the nonconductive coating thickness and physical properties of coated metals. A cylindrical ferrite core encircled by a coaxial rectangular cross-section coil is usually used to confine and enhance the magnetic field. The core can also be used to improve the signal-to-noise ratio, which is of particular benefit to measure magnetic substrate metals at relatively low frequencies [1] . The field of an air-cored probe above a single or layered conducting half-space has been studied in depth by using a number of approaches such as the analytical Dodd and Deeds model [2] . For the problem of a ferrite-cored coil above a layered half-space, numerical [3] and empirical [4] methods have been applied. In addition a semi-analytical model of an axisymmetric ferrite-cored probe in the presence of a two layered conductive half-space has been developed using truncated region eigenfunction expansions (TREE) method [5] .
Here, the TREE method is used to derive the field and impedance of the axially symmetric ferrite core coil with rectangular cross-section above a multi-layered conductive half space, Figure 1 . Rather than making a direct analysis on the full problem as before [5] , the present development starts with a simple case, studying the field of a circular filamentary coil encircling an infinite long cylindrical ferrite core. Then we deal with more complicated cases via intermediate results. This step-by-step approach leads to expressions for the field and impedance of the probe including the contributions of the coil, the effects of the ferrite core and the multi-layered conductor separately.
ANALYSIS
An infinite circularly cylindrical ferrite core encircled by a coaxial current filament, Figure 2 , has a magnetic vector potential outside of the ferrite core given by
in a domain truncated radially at ρ = b, where A φ (z, b) = 0. The vector Dirac notation, viewed from right to left, consists of a column vector multiplied by a matrix and by a row vector to form a scalar product.
with n = 0, 1. To ensure A φ (z, b) = 0, at the truncation surface, we define q i as the positive roots of F 1 (q i b) = 0. From the continuity of B ρ and H z at the ferrite core surface where ρ = a, it is found that
and
FIGURE 3. Filamentary current loop coil encircling a finite length cylindrical ferrite core above a layered conductive half-space.
The diagonal matrix, D, is determined by the discontinuity of H ρ at the plane z = z 0 .
To find the field of a finite length cylindrical ferrite core encircled by a filamentary coil above a layered conducting half-space, Figure 3 , the problem space is divided into five regions at the end planes of the ferrite core and at the interfaces of the layered conductor. The vector potential in the region (1) outside of the core can be written
Here α and β are the reflection matrices due to the end effects of the ferrite core, which have the relationship:
For a coil with finite width r 2 − r 1 , finite length z 2 − z 1 and having N turns, Figure 1 , the factor ν = N /[(r 2 − r 1 ) (z 2 − z 1 )] is the coil turns density. The magnetic vector potential A (z, ρ) in the rectangular region of the coil cross-section is found by integrating the filament potential over the same region. Thus by integrating equation (4) we get
where
which can be calculated in terms of Struve and Bessel functions [6] . Then, the expression of the coil impedance can be found by integrating equation (7) over the coil cross section to give: 
The matrices appearing above are defined through:
where κ i , i = 1, 2 . . . ∞ denotes the positive zeros of J 1 (κ i b) = 0. The reflection coefficient, a diagonal matrix Γ, due to the layered conducting half-space is defined by considering the field at its top surface, in this case at the plane z = −d 1 . At this point one is free to determine the reflection coefficient for any multi-layered conductor whose material properties are independent of ρ [7] .
EXPERIMENT
To verify the analytical results in the paper, experiments have been designed and completed with different configurations of layered test-pieces and an eddy current coil with a ferrite core. Their dimensions are shown in Tables 1 and 2 respectively. The experimental results are measured by an Agilent 4294A Precision Impedance Analyzer. Besides, the skin depths of the test pieces at different frequencies are given in Table 3 .
The measured and calculated DC inductances of the isolated coil are 4.149 mH and 4.155 mH, respectively. Those for the ferrite-cored coil are 19.27 mH and 19.32 mH, respectively.
Two-layer Case
Since the skin depth decreases greatly with the frequency increment, to verify the model for a two-layer case, a large thin brass C2600 plate and a thicker titanium alloy(Ti-6Al-4V) plate are used and in both cases air is as the bottom layer. The experimental data are compared with the theory curves in Figure 4 and 5. In these figures, the good agreement shows that the experiment results can be accurately predicted by the two-layer model, which can be used to determine the thickness or conductivity of a thin metal plate. Moreover, in Figure 4 , there are obvious differences between the theory results based on the half-space and two-layer models at relative low frequencies. On the contrary, in Figure 5 the difference can be seen at relative high frequencies. These are due to the skin depths at different frequencies and thickness of the brass and titanium plates. For the brass plate, when the frequency is higher than 1kHz, the skin depth becomes much smaller compared with its thickness. Then it can be treated as a uniform half-space. As for the titanium plate, for the whole frequency range of the experiment, the skin depths are similar or even much bigger than the thickness of the titanium plate. However, since the signal at the low frequency region is too weak for the differences to be observed, it is only obvious at the high frequency region.
CONCLUSION
In this paper, the TREE method for a ferrite-cored coil above a multi-layered conductive half-space has been studied. Reflection coefficient matrices due to the end effects of the ferrite core have been introduced. Besides, the field and impedance of a rectangular cross-section coil with a finite length ferrite core above a multi-layered conducting plate are developed. Furthermore, this can be extended to other axisymmetric ferrite core shapes, such as the cup shape core, etc. 
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